Abstract. The representations of the Heisenberg algebra in Krein spaces, more generally in weakly complete inner product spaces, are classi ed under general regularity and irreducibility conditions. Besides the Fock representation, two other types appear, one with negative, the other with two sided discrete spectrum of the number operator.
Introduction.
The Heisenberg algebra is the algebraic structure at the basis of Quantum Mechanics (QM), and it is of great interest not only from a physical point of view, but also as a basic mathematical structure. It is the Lie algebra generated by the so{called canonical variables, q i , p i , i = 1 : : :n, satisfying the following commutation relations (CCR in unbounded form) 1] 2] 3] q i ; p j ] = i i;j ; q i ; q j ] = 0 = p i ; p j ]
(1:1)
The foundations of QM rely on the analysis of the representations of such an algebra and great clari cation of the mathematical structures of QM has been obtained by this analysis 4] 5] 6] >From a technical point of view, non trivial problems arise because the commutation relations (1.1) imply that q i and p i cannot be represented by bounded operators (in fact, the corresponding group is not compact); as a consequence, domain questions become important, the concept of irreducibility is delicate (see below), etc. For these reasons, one usually considers the algebra A generated by the Weyl exponentials exp i q, exp i p, ; 2 IR n (brie y, the Weyl algebra). This amounts to consider, instead of the Lie algebra (1.1), the associated group (the Heisenberg group), and to analyse its representations. A systematic classi cation of such representations in a Hilbert space, under general regularity conditions, is available 5] 6]. It should however be remarked that the choice of the Weyl algebra, generated by rather special functions of the canonical variables q i , p i , gives rise to problems, e.g. for the algebraic setting of the dynamics, since in general the time evolution does not leave the Weyl algebra stable 7] . Actually, most of the standard treatments of QM models deal with the canonical variables directly, and therefore it is of some interest to consider the problem of analysing the representations of the Heisenberg algebra directly.
This strategy is actually the most convenient one if one wants to consider the case of the representations of the CCR's in inde nite metric spaces, in particular in Krein spaces, since in this case q i and p i are not selfadjoint operators, the construction of the Weyl exponentials is in general problematic and requires domain and regularity assumptions, and the advantage is not signi cant since the Weyl exponentials need not to be bounded operators.
A notable case of an analysis of the Hilbert space representations of the CCR's based on the Heisenberg algebra is the theorem by Rellich and Dixmier 8] 9] 10], which overcomes the di culties mentioned above by assuming that N = 1=2 (p 2 +q 2 ? 1) is essentially selfadjoint on a dense domain invariant under the closure of p and q. The result of this note is a generalization of the theorem by Rellich and Dixmier, which covers the case of representations of the Heisenberg algebra in Krein spaces, toghether with a discussion of irreducibility. The main motivation of this note is that of a preparatory result for the classi cation of the representation of the CCR's in Krein space, when the number of degrees of freedom is in nite, a problem which is relevant for realistic gauge quantum eld theories 11] 12].
Crucial technical points of our approach are: i) a proper position of the irreducibility problem in a situation in which the algebra consists of unbounded operators, ii) regularity assumptions in the same spirit of Rellich and Dixmier. The result is that the spectrum of N = 1=2 (p 2 + q 2 ? 1) is discrete (but not semibounded, in general), and in terms of it one has a classi cation of the irreducible representations of the Heisenberg algebra in Krein spaces (more generally, in weakly complete non{ degenerate inner product spaces). Up to isometries between inde nite spaces, such representations are completely described by the action of the algebra on the (weakly) dense domain generated by the eigenvector of N .
General setting
As mentioned in the Introduction, in order to analyse the representations of the Heisenberg algebra H in Krein spaces 13] 14], we have to specify domain and regularity conditions and a proper de nition of irreducibility. For simplicity, in the following we restrict our attention to the Heisenberg algebra for one degree of freedom, the extension to a nite number of degrees of freedom being straightforward.
We brie y recall that a Krein space K is an inde nite, non{degenerate, inner product space, with the properties i) it is weakly complete ii) there is an operator J , self{adjoint with respect to the inner product, J y = J and with J 2 = 1, such that < ; J > is a positive inner product (giving a Hilbert space structure to K)
Only property i) is needed in the following analysis, which remains therefore valid for any (sequentially) weakly complete non{degenerate inner product space V (see Proposition 11 below). We recall that (sequential) weak completeness means that if 8x 2 K < x; y n > is a convergent sequence, then there exists y 2 K such that < x; y n > converges to < x; y >, 8x 2 K. The uniqueness of the weak limit is guaranteed by the non{degeneracy of the inner product (< x; y >= 0 8x 2 K ) y = 0 According to the discussion given above, we will consider representations of the Heisenberg algebra which satisfy an additional regularity condition. It is easy to see that commutant irreducibility in the sense of De nition 4 implies domain irreducibility (De nition 3).
In sections 3 and 4 we analyze irreducible representations in the sense of Def.4. In Sect.5 the same classi cation will be obtained (Proposition 12) assuming only domain irreducibility (Def.3), but using additional regularity assumptions on U(s).
Regular irreducible representations of the Heisenberg algebra in Krein spaces
The general setting discussed in the previous section allows for the following characterization of the regular (Def Since the r.h.s. of eqs.(3.16),(3.17) converge by Lemma 6, the vectors n belong to the domain of the weak closure of a and a , and a n = (a ) n?1 ; a n = (a ) n+1 (3: 18)
The same treatment applies to all the products of a and a , so that D a a n = (n + 1 + ) n (3:20)
(an equation which could have been derived directly as in Lemma 7). For each in D, by eq.(3.14) there is at least one n which does not vanish, and is then cyclic.
Given any product of operators a, a applied to n , by using eqs. Proof. All the Krein metric operators J introduced in the proof of Theorem 5 commute with U(s); eq.(2.6) then implies that U(s) are unitary (with respect to the positive scalar product). From Theorem 5 it follows immediately that the spectrum is pure point, without multiplicities. The logic of Theorem 5 is that, if regular irreducible representations exist, they are of the types 1){3); to complete the classi cation, it is necessary to show that indeed all the representations constructed in Theorem 5 ful ll the regularity and irreducibility conditions. Algebraic relations and regularity are obvious, on suitable domains (e.g., the linear span of the vectors n ), and for the irreducibilty we have: We can x n so that n is non{vanishing; since B is (weakly) closable, n belongs to the domain of its weak closure B, and B n = (B ) n (4:2)
Both n and (B ) n are eigenvectors of U(s), 8s 2 IR, as in Lemma 6, eq.(3.6).
Since there are no multiplicities, eq. It may also be remarked that the operator N is not essentially self{adjoint on D 0 , and that the extended algebra (with the validity of relations (2.7)) can be constructed only on the basis of one choice for its self{adjoint extension (namely by taking functions continuous, toghether with their derivative, at x = 0). All other choices lead to di erent extensions of H (with algebraic relations di erent from (2.7)), and in general to di erent spectra of N .
Very similar examples can be constructed by using any sequence of intervals (rather than (?1; 0) and (0; 1)) to de ne invariant subspaces, with very similar results. Our conclusion is that both the regularity property and the use of the extended algebra are essential in order to avoid pathologies in the discussion of the representations of the Heisenberg algebra, even in positive (Hilbert) spaces. In inde nite spaces, domain questions become even more critical. E.g., on di erent domains in the same Krein space one may de ne di erent, and in general inequivalent, positive scalar products, so that the same domains can also be seen as dense subspaces of di erent Krein spaces. On the other hand, since a su ciently general spectral theory is not available in inde nite spaces, all regularity properties must be expressed in terms of domains. Roughly speaking, in order to x the representation one must start with a domain which is large enough for the control of the regularity condition; no extension is then needed, and the main rôle of the Hilbert structure is that of giving rise to complete spaces.
2. In order to construct a weakly complete inner product space which is not a Krein space, we start with the space V 0 of nite sequences a n , n 2 Z Z, with the inner product < a n ; b m > X n a ?n b n On the space V 0 it is easy to de ne positive scalar products which majorize the inde nite inner product (see 13]), and therefore V 0 can be completed to a Krein space (inequivalent scalar products de ning di erent Krein completions). However, not all weakly complete inner product spaces which contain V 0 as a dense subspace are Krein spaces. Consider in fact the space V V 0 consisting of all sequences which terminate on the right, a n = 0 for n large enough. The space V is weakly complete, because i) weak convergence implies convergence of each term of the sequences, ii) by completeness of the l 2 spaces, the limit sequences x n belong to all the spaces l 2 with any weight function p n > 0 on n 2 I N, 1 X n=0 jx n j 2 p n < 1
and therefore x n vanishes for n large enough. Moreover, V is not a Krein space, since in any Krein space containing V 0 there are always sequences which are in nite on the right, and have weakly convergent truncations; one such sequence is immediately constructed, e.g., as 1=(c k k 2 ), k > 0, with c k the Hilbert norm of the sequence n;k , in the given Krein space. The argument also shows that V is not a Banach space, so that it cannot be obtained from V 0 by completion with respect to a norm.
